Introduction
There are a lot of cracks in solids; a crack will propagate under biaxial loading conditions, forming wing cracks [1] . As the crack slips under shear stress, the slip itself causes wing cracks to grow at the crack tip. The study of mixed mode crack initiation and propagation is very important for understanding the mechanical characteristics of solids [2, 3] . The initiation and propagation problem of mixed mode cracks is of great interest in the field of fracture mechanics. To accurately predict and simulate crack propagation paths, a valid criterion needs to be defined for the crack initiation angle. The crack propagation path is influenced by the value of the crack initiation angle [4] . Because the actual loading condition at the crack tip in solid material is very complex, the crack initiation angle and propagation under mixed-mode loading conditions cannot be simplified to either pure mode I or pure mode II analysis.
Erdogan and Sih [5] were the first to study the problem of mixed mode crack initiation angles. They presented the maximum tangential stress (MTS) criterion based on the tangential stress for crack initiation under mixed mode stress conditions. Since then, several criteria have been proposed for the mixed mode crack initiation problem, such as strain energy, stress triaxiality and strain fields [6] [7] [8] . These fracture criteria suppose that a plastic core zone exists at the crack tip, where in simplified form most of the plastic core region is a circle with a constant radius and some non-uniform regions are defined based on the mechanical characteristics of the materials. For the MTS criterion [5] and the minimum strain energy density criterion [9] , a circle plastic region is assumed to exist at the crack tip. However, the maximum dilatational strain energy criterion (T-criterion) [7] and the modified MTS criterion [10] use a variable plastic region. In fact, the shape of plastic core region is influenced by the microstructure of the materials, because most solid material have nonlinear, discontinuous, anisotropic mechanical characteristics. The shape of the plastic core region computed by an empirical formula cannot reflect the real situation, and numerical methods need to be adopted to simulate the plastic region at the crack tip [11] [12] [13] [14] [15] .
The main objective of this study is to present a method for mixed mode crack initiation based on a failure criterion. Key issues include: the stress state at the crack tip, computation of stress intensity factors based on crack tip stress and the crack initiation angle. The remainder of the paper is organized as follows. In Section 2, a computational method for determining the stress intensity factors at the crack tip is established based on the crack tip elastic stresses. In Section 3, the minimum J 2 (second invariant variable of the stress deviation) yield function is used to define the variable radius of the plastic core region and crack initiation angle. In Section 4, the crack initiation angle of mixed mode cracks under different loading conditions are simulated, and compared with the simulated results for the MTS and T criteria. Conclusions are presented in Section 5.
Stress intensity factors at the crack tip
In this section, the mixed mode cracks are divided into two types: tension cracks and compression-shear cracks. A computational method for determining the stress intensity factors at the crack tip is established based on the crack tip elastic stresses.
Stress components at the crack tip
The existing research data show that the stress state at a mixed mode crack tip is very complex, depending on the different loading conditions. Mixed mode cracks are divided into two types, combined with the external loading conditions: tension cracks and compression-shear cracks. The crack propagation paths are assumed to be wing cracks. Fig. 1 shows the mixed mode cracks under biaxial loading conditions.
As shown in Fig. 1 , a it is assumed that for a crack with an inclination φ under biaxial tensile loading conditions, there is no friction effect at the crack surface. As shown in Fig. 1 , b a crack with an inclination φ under biaxial compressive loading condition and the friction effect at the crack surface is considered in this study. The crack length is 2c, the crack initiation angle is θ, the axial stress is σ 1 and the confining stress is σ 2 . r is the radius of one element far from the crack tip, and θ is the crack initiation angle, the stress components are described by σ r and σ θ . If the external loading is a tensile stress, it has a positive value; and if the external loading is a compressive stress, it has a negative value.
For a crack under a mixed mode condition, simplifying assumptions are used to analyze the stress state at the crack tip. The linear elastic stress field at the crack tip under biaxial loading condition can be expressed as follows (plane stress problem) [ 
where σ r , σ θ , and τ rθ are the radial, circumferential and shear stresses; K I and K II are the stress intensity factors of mode I and mode II cracks. a b For a crack in the center of an infinite plane, the crack length is 2c and the crack inclination is φ. The stress intensity factors at the crack tip can be represented in a unified form as:
where σ is the external stress, which can be a tensile or compressive stress, and
is a function of the different loading conditions and inclinations φ of the crack. The stress intensity factors of mode I and mode II cracks for the plane stress problem are [6] :
Combining Eqs. (1)- (3), the stress components can be rewritten as:
; , , 22 The stress state at the crack tip is very complex and a plastic core region exists at the crack tip where crack initiation and propagation takes place. In the crack initiation and propagation process, the stress intensity factors are key fracture mechanical parameters. The crack is propagated step by step and results in variation of stress intensity factors at the crack tip.
Stress intensity factor at the tension crack tip
For the mixed mode crack under tensile stress, as shown in Fig. 1 , a the tensile loading conditions can be divided into three types: uniaxial tension; biaxial tension and tensile-compressive stress.
When the crack is under the uniaxial tension condition, there is only axial tensile stress σ 1 , and the stress intensity factors can be computed as:
where K I is the stress intensity factor of a mode I crack, K II is the stress intensity factor of a mode II crack, φ is the inclination of the crack and c is the half length of the crack.
When the crack is under biaxial tension, the axial stress is σ 1 , the confining stress is σ 2 , and the relationship between them is assumed to be: 1 2    (6) where λ is the ratio of the confining and axial stresses with a range from 0 to 1.
The stress intensity factors under biaxial tension can be computed as:
When the crack is under tensile-compressive stress, it is assumed that the axial stress is a tensile stress, while the confining stress is a compressive stress. The relationship between the axial and confining stresses is assumed to be:
where λ is the ratio of the confining and axial stresses also with a range from 0 to 1. The stress intensity factors under tensilecompressive stress can be computed as:
For the stress intensity factors at the crack tip, we defined a scale factor η between mode I and model II stress intensity factors as:
Then the scale factor under different external loading condition can be computed as:
The scale factor for different external loading condition will be used for the crack initiation analysis process. It has an important impact on the crack propagation path.
Stress intensity factor at compression-shear crack tip
According to the mixed mode crack under compressive stress, as shown in Fig. 1 , b the compressive loading conditions can be divided into two types: uniaxial compression and biaxial compression. Here, the friction effect at the crack surface is considered for the crack initiation and propagation problem for a compression-shear crack.
When the crack is under uniaxial compression, there is only an axial compressive stress σ 1 , and the normal and shear stresses at the crack surface are computed as follows [16] where σ is the normal stress at the crack surface and τ is the shear stress at the crack surface. The effective shear stress is influenced by the mechanical characteristics of the crack surface, can be computed as: 2 11 eff c sin cos
where τ c is the cohesion of the crack surface and μ is its friction coefficient. Here, the cohesion of the crack surface τ c is assumed equal to 0 and is not considered for the shear stress at the crack surface, and the effective shear stress is then:
The stress intensity factors can be computed as:
When the crack is under biaxial compression, the axial compressive stress is σ 1 and the confining stress is σ 2 , and the normal and shear stresses at the crack surface are computed as: 
The ratio of confining and axial stresses is introduced so that:
where λ is the ratio between the confining and axial stresses with the range from 0 to 1. The stress intensity factors can be computed as: 
For a mixed mode crack under compression, the friction effect is considered in this study, and the crack initiation and propagation process is influenced by the shear strength of the crack surface. The crack propagation is limited by the shear strength of the crack surface where the crack closes under compression, but opens under tension. The crack propagates more easily under tension than under compression.
Analytical solution for crack initiation of mixed mode crack
For a mixed mode crack under biaxial loading, there is a plastic region around the crack tip and crack propagation will occur with the minimum elastic fracture energy, as shown in Fig. 2 . For the plane stress problem, the minimum J 2 (second invariant variable of the stress deviation) yield function is used to define the variable radius of the plastic core region.
In the plastic core region, crack propagation will occur when the fracture energy is at a minimum. For the crack initiation angle, it is assumed that the minimum angle which will allow the plastic core radius to form is when the minimum J 2 (second invariant variable of the stress deviation) yield function is used to define the crack initiation angle. Fig. 2 Plastic core region at the crack tip related to crack initiation and propagation
The crack initiation will happen when J 2 is in the minimum direction, because J 2 can reflect the real stress state at the crack tip, and the volume strain energy density is larger than the shape change energy density. The crack initiation angle is determined by:
where the second invariant variable of the stress deviation can be computed as follow,
Moreover, the second invariant variable of the stress deviation J 2 should be at the minimum value: 
The crack initiation angle θ 0 can be solved by Eq. (23), and the computed results for the crack initiation angle should also satisfy Eq. (22).
If we know the stress intensity factors at the tip of mixed mode crack, the crack initiation angle can be determined based on the failure criterion of solid material. The presented method can compute the crack initiation angle for the simple mode I or mode II crack problem.
When the crack is a mode I fracture, the stress intensity factor of K II is equal to 0, and the Eq. (23) can be simplified as:
The solution results of Eq. The analysis result is the same for several classic fracture criterions, such as MTS, T and other criteria.
When the crack is a mode II fracture, the stress intensity factor of K I is equal to 0, and Eq. (23) can then be simplified as:
The solution results for Eq. 
The crack initiation angle of the mode II fracture is 70.53° computed using the maximum circumferential stress fracture criterion, and the crack initiation angle of the mode II fracture is -70.53° computed using the maximum tensile stress fracture criterion II. The simulation results computed by this method are larger than for other classic fracture criteria, but the computing error is very small.
Simulated results of crack initiation angle
In this section, the crack initiation angle of a mixed mode crack under different loading conditions is simulated, and compared with the simulated results for the MTS and T criteria. The crack initiation angle influenced by the loading ratio between the confining and axial stresses, and the friction effect at the crack surface under compression, are analyzed. The crack propagation characteristics under different loading conditions are presented in the end.
Tension crack
According to the mixed mode crack under tensile stress, for the plane stress problem, the scale factor η between mode I and mode II stress intensity factors is introduced in Eq. (23), giving:
cos sin cos sin
For the mixed mode crack under uniaxial tensile loading, the loading ratio λ is 0 and Eq. (11, a) is substituted into Eq. (32), and a function for the crack inclination and crack initiation angle can then be obtained. Table 1 shows the computed results for the crack initiation angle for different crack inclinations under uniaxial tensile loading. Fig. 3 shows the crack initiation angle for a mixed mode crack under uniaxial tensile loading using different fracture criteria. As shown in Fig. 3 , the computed results for the crack initiation angle under uniaxial tensile loading by the presented criterion is less than the T-criterion and larger than the MTS-criterion. The crack initiation angle increases with increasing crack inclination. The relationship between the crack initiation angle and crack inclination is a nonlinear function, and can be simplified into a linear relationship as:
where φ is the crack inclination and θ 0 is the crack initiation angle. From Fig. 1 , a we observe that for the mixed mode crack under uniaxial tensile loading, the crack initiation angle is perpendicular to the axial loading direction.
For the mixed mode crack under biaxial tensile loading, the loading ratio λ is given as 0.2, 0.5 and 0.8, and substituting Eq. (11, b) into Eq. (32), we then obtain a function for the crack inclination and crack initiation angle. Fig. 4 , a shows the compute results for the crack initiation angle for different crack inclinations under biaxial tensile loading when the loading ratio is 0.5. Fig. 4, b shows the compute results of crack initiation angle for different crack inclinations under different biaxial tensile loading. b Fig. 4 Computed results for the crack initiation angle for different crack inclinations under biaxial tensile loading: a) loading ratio is 0.5 and b) loading ratio impact on the crack initiation angle
As shown in Fig. 4 , a for the mixed mode crack under the loading ratio of 0.5 for biaxial tensile stress, the crack initiation angle first increases and then decreases with the increasing of crack inclination, and the error between the presented criterion and the MTS and T criteria is very small. The crack initiation angle is influenced by the external loading pattern. As shown in Fig. 4 , b the crack initiation angle decreases with increasing loading ratio, and the crack propagation is restrained by the lateral tensile stress. The crack is easy to propagate under biaxial tensile loading, while with increasing lateral tensile stress, the crack propagation is progressively more difficult. If the lateral tensile stress is equal to the axial tensile stress, the crack ceases to propagate.
For the mixed mode crack under tensilecompressive loading, the loading ratio λ is set at 0.2, 0.5 and 0.8, and substituting Eq. (11, c) into Eq. (32), we then obtain a function for the crack inclination and the crack initiation angle. Fig. 5 , a shows the compute results for the crack initiation angle for different crack inclinations under tensile-compressive loading when the loading ratio is 0.5. Fig. 5, b shows the compute results for the crack initiation angle for different crack inclinations under different tensile-compressive loading conditions. As shown in Fig. 5 , a for the mixed mode crack under a loading ratio of 0.5 for the tensile-compressive stress condition, the crack initiation angle increases with increasing crack inclination. The error between the presented criterion and the MTS and T criteria is very small. As shown in Fig. 5 , b the crack initiation angle increases with increasing loading ratio, and the crack propagation is accelerated by the lateral compressive stress. With increasing lateral tensile compression, the crack propagation accelerates.
Compression-shear crack
For the mixed mode crack under a compressive loading condition, the fracture type is a compressive-shear crack. A scale factor η between mode I and mode II stress intensity factor is defined for the compressive-shear crack: 
For the mixed mode crack under uniaxial compression, substituting Eq. (35) into Eq. (32), we then obtain a function for the crack inclination and crack initiation angle. Fig. 6 , a shows the compute results for the crack initiation angle for different crack inclinations under uniaxial compression when the friction coefficient of the crack surface is 0.2. Fig. 6 , b shows the compute results for the crack initiation angle for different crack inclinations under different friction coefficients for the crack surface. As shown in Fig. 6 , a there is a great difference between different fracture criteria for mixed mode cracks, and the crack initiation angle decreases with increasing crack inclination, following a nonlinear relationship. As shown in Fig. 6 , b the crack initiation angle is obviously influenced by the crack friction coefficient. The crack surface friction prevents the crack propagating, and it increases as the crack friction coefficient increases while the other parameters remain constant.
The relationship between the crack initiation angle and crack inclination can be described by a linear function:
For the mixed mode crack under biaxial compression, substituting Eq. (36) into Eq. (32), we then obtain a function for the crack inclination and the crack initiation angle. Fig. 7 , a shows the computed results for the crack initiation angle for different crack inclinations under biaxial compression when the friction coefficient of the crack surface is 0.2, and the loading ratio is also 0.2. As shown in Fig. 7 , a for the mixed mode crack under a loading ration of 0.2 for the biaxial compression condition, the crack initiation angle first decreases and then increases with the increasing crack inclination. The crack initiation angle is influenced by the external loading pattern. As shown in Fig. 7 , b, the crack initiation angle decreases with increasing loading ratio, and the crack propagation is restrained by the lateral compressive stress. The crack propagation is limited by the lateral stress under biaxial compression.
When the crack inclination is less than about 70°, the relationship between the crack initiation angle and crack inclination can be described by a linear function:     0 90°.
The crack initiation angle of a mixed mode crack is influenced by the external loading pattern, crack inclination, and the crack friction effect.
Conclusions
Cracks propagate forming wing cracks under biaxial loading conditions, and the study of mixed mode crack initiation and propagation is very important for understanding the mechanical characteristics of solids. The stress state at the crack tip is very complex. A plastic core region exists at the crack tip, and the crack initiation and propagation will occur in this region. In the crack initiation and propagation process, the stress intensity factors are key fracture mechanical parameters. A computational method for determining the stress intensity factors at the crack tip is established based on the crack tip elastic stresses. The stress intensity factors at the tension crack tip are computed with three tensile loading conditions: a. uniaxial tension; b. biaxial tension; c. tensile-compressive stress. The stress intensity factors at the compressive-shear crack tip are computed with two tensile loading conditions: a. uniaxial compression; b. biaxial compression. The friction effect at the crack surface is considered for the crack initiation problem for the compression-shear crack.
A plastic core region exists at the crack tip, the minimum J 2 (second invariant variable of the stress deviation) yield function is used to define the variable radius of the plastic core region. The crack initiation angle of a mixed mode crack under different loading condition was simulated. The computed results show that the crack initiation angle under uniaxial tensile loading using the presented criterion is less than for the T criterion and larger than for the MTS criterion. The crack initiation angle is influenced by the loading ratio between the confining and axial stresses, and the friction effect at the crack surface under compression.
